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Abstract 

Theoretical study of anomalous decay mode r — > umnru is presented. Theoretical 
value of the branching ratio of ujh^-k^'k^i' agrees well with data. The branching 

ratio of r~ — > ujti^ tt^ ti~ v-t is predicted. It is found that the vertices of aipvr and 
ujpii play dominant role in these two decay modes. CVC is satisfied and there is no 
adjustable parameter. 
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There is rich physics in r hadronic decays. Because of the value of many hght mesons 
made of u, d, and s quarks, especially meson resonances, are produced in the decays. There- 
fore, r mesonic decays provide very unique test ground of Standard Model and QCD. An 
effective theory of large Nq QCD of mesons has been proposed to study the physics of hght 
mesons [1]. In this theory the tree diagrams of mesons are at leading order of large Nq 
expansion and loop diagrams are at higher orders. This theory has been applied to study 
many physical processes of mesons and it has been shown that the theory is phenomeno- 
logicaUy successful [1, 2, 3]. Both vector and axial- vector currents contribute to r decays. 
The mesonic vector current is obtained from the Vector Meson Dominance(VMD) which is 
a natural result of this theory [1]. The axial- vector current of mesons is also obtained [3]. 
PC AC is satisfied [3]. Many r mesonic decay modes have been studied by using this theory 
[3]. Theory agrees with data reasonably well. 

The decay rate of t~ — > 27r~7r''"37r°i/T- has been measured by ALEPH [4] and CLEO [5] and 
predicted by CVC [6, 7, 8]. The first measurement of t~ — > Lon'n^n^UT has been reported 
by CLEO [5] 

B(t~ u;7r-7r°7r°i/^) = (1.891^;^^ ± 0.40) x lO"! 

There is another decay mode — > a;7r''"7r~7r~^',-. They are very interesting decay modes 
which are resulted from the vector current. These decay modes are tests of VMD. lu meson 
is associated with anomaly. Wess-Zumino-Witten anomaly [9] can be tested by these modes. 
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Since four mesons are produced, many meson vertices are involved in these processes. These 
decay modes provide tests on all kinds of meson theory In the effective theory of large Nc 
QCD of mesons [1] all the vertices of these decays have been derived and all the parameters 
have been fixed. The large Nc theory of mesons [1] will make definite predictions on these 
two decay modes. Therefore, they provide serious tests on this theory. 

In this paper we apply the effective theory of large Nq QCD [1] to study t' — > a;7r~7r°7r°i/i- 
and T~ a;7r"'"7r~7r~i/r. Only vector current contributes to both decays, which has been 
derived as [3] 

= 3^cos9cg{-l{d,Al - d.Al^){d^p- - d^p^^ + ^,r}, (1) 

where is the W boson field, is derived by the substitution 

Pi - ^-fgcosOcAl (2) 

in the vertices involving p meson and g is a universal coupling constant which is determined 
to be 0.39 by fitting p — > ee"*". Eq.(l) is exactly the same expression of VMD given by 
Sakurai [10]. 

The diagrams contributing to the decay r ujinnru are shown in Fig.l(a, b, c, d, e, f). 
All the vertices are derived in the chiral hmit. The ujpi^ vertex is the Wess-Zumino-Witten 
anomaly and derived as 

^^'^ = -^^e^^^^d,uj,f^^df,TT\ (3) 
^ 9 Jtt 
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The vertex lyi^ leads to the Adler-Bell- Jackiw anomaly of tt'^ — > 77 [1] . 

Besides the anomalous vertices there are other three kinds of normal vertices in 

Fig.l. The first kind of vertices derived in Ref.[l] are 

^C'^'^ = -e,,fcp>^a'^7r^-^{(l--)2-47rV}6,,,p;,a.7r^9^^^^ 
9 J^9 9 

-^{3(1 - f + 1 - f - S^'c'}eij,f^,^,d%n,, (5) 
Jl^''' = -^e^.-feaXp^V'^ (6) 



where 



J TT 



2gmf 

A{q\p') = |-/4^+J>^[- + v|^(l--)] 

V[Ti^---r4^(i --)]}, (7) 

with q being the momentum of Oi meson and p the momentum of p meson. 
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The vertices of Cf'^p^ and Cf^'^ have been tested by the widths of Oi and p , pion form 
factors, and other physical processes [1, 2, 3]. Theory agrees well with data. 

The second kind of normal vertices are contact interactions between two meson fields 

= r47?(i - (11) 

= -^{\--)d^,T^'d^a'\ (12) 

By inserting these vertices into Fig.l(b, c), related diagrams are obtained. 
The third kind of vertex is the direct interaction between ppTTTr 

+^l9M^k)d''(f^,^>^') + 2(1 - j)f^,^kpi:d'^''7r,,]}. (14) 

This is the vertex of Fig. 1(a). 

Due to the structure of the vertex (1) the amplitudes of the diagrams Fig.l(e, f) satisfy the 
CVC automatically. However, for the diagrams(Fig.l(a, b, c, d)) we have to put all the three 
kinds of vertices(4-6, 11-14) together to make CVC be satisfied in the chiral limit. These 
vertices have been exploited to calculate the branching ratios of r — > pmri' [11]. Theoretical 



results are in agreement with the data. It is necessary to emphasize that all the parameters 
of this study have been fixed in previous studies. There is no adjustable parameter in this 
investigation. 

In diagram Fig. 1(e) there are two anomalous vertices lyp^ . The study [1] shows that the 
strength of this vertex is weaker than normal vertices. This is the reason why lo meson has 
narrower decay width than p meson. The calculation shows that the contribution of diagram 
Fig. 1(e) is negligible. In the diagram Fig. 1(f) there are p resonance, lo and tt mesons in the 
final state. Because the phase space of this process is too small the contribution of this 
diagram is also negligible. 

Now we calculate the branching ratios of r — > unnTTTu. It is very lengthy. The amplitudes 
of the decays r — > connnu are obtained from all the three kinds of vertices(4-6, 11-14) 
and the vertex C'^p'^ (3). In the chiral limit the matrix elements of the vector current of 
T" — > a;7r~7r°7r°i/T- and — > a;7r''"7r~7r~i/T- have been derived as 



< w(p)7r"(pi)7r"(p2)7r-(p3) I f I > 



{p + PzY -m? + iJ{p + p^.fTp{{p + p3)2) 



^(23)/ , X 

fax [P + Pi) 



{p + PiY -ml + iJ{p + PiyTp{{p + pi)2) 



where 



'-^ /:?(P + P2)}; (16) 



< c;(p)7r+(p2)7r (pi)7r (ps) \f | > 



<r - ^) '.r^r^'j x-. (17) 



+- — ^ — =— -/S^V+P.) 



{p + pi)^ - + + + pi)2) 



(/i?(P + P2) + /<f/^(p + P2))}, (18) 



(p + P2)^ - m2 + i^J {p + P2Y^ p{{p + P2) 



g = P + P1+P2+P3, (19) 

fa\\Pp) = ^aA/(Pp) +Pla[/ll(Pp)PlA + /2l(Pp)P2A] 

+P2a [/l2 (Pp)PlA + /22 (Pp)P2a] (20) 

with pp being the momentum of the p meson, pj (i = 1, 2, 3) the momentum of pion, and p 
the momentum of u. f^^^ is obtained from f^^^ by exchanging pi <-> P2; fax^ is obtained 
from f^^ by replacing pi with ps; J^,^ is obtained from f^^ by replacing p2 with ps; Z^,;^ 
is obtained from f^^^ by exchanging p2 <-> P3; /q^"*^^ is obtained from f^^^ by exchanging 
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Pi Pa- Tp is the decay width of p meson of momentum q 

Eqs.(15, 17) show that the CVC, indeed, is satisfied in the chiral hmit. It is interesting to 
notice that the resonance factor 

q'^ -ml + i^/q^Vp{q^) 

in Eqs.(15, 17) is obtained from the combination of the two terms in Eq.(l). These two 
terms are shown in two diagrams of Fig.l(a, b, c, d, e, f). 

The contributions of ai meson (Fig. 1(b)) to the functions f and fij (i, j = 1, 2) are given 
below. The contributions from other diagrams are shown in the appendix. 

BW{kl) = , 

f{p,) = BW{kl)A{q\kl)A{plkl), 
fiM) = BW{kl)A{plkl)B, 

/i2(Pp) = BW{kl){[A{p% kl) + A{q\ kl)]D + (fci ■p2-k,- p,)BD + pi • p^B^ - klD^} 

-BW{kl)\{-A{q\ kl) + kl ■ piB + klD]{A{pl kl) + k^ ■ P2B - kjD}, 
/22(Pp) = BWikl)A{q^,kl)B, (22) 

where ki = q — pi {i = 1, 2, 3) and 

^a=(^+^J)/(l-^)- (23) 



The decay width of Oi meson is derived as 



1 



= + (24) 



The decay rate of r — > Lonnni' is derived from Eqs. (15-18) 

-W ^ m (^''^ ^^"^ - O K + 2. )(^) (^2_;2)2+;2r2(,2) ^ 

(25) 

where 

ah = 00 or , 

F-(f) = - «^)^ / tl4^^ll^ii^, _ p, _ _ _ (26) 



3' g2 ^4(27r)2y £;u;ia;2C^3 

The branching ratios of the two decay channels are calculated to be 

B{t' a;7r-7r°7rV) = 2.16 x 10-^ (27) 

B{t- UTT^T^-T^-v^) = 2.18 X 10-^. (28) 

Theoretical branching ratio of r~ ujt:~t:^t:^Ut is consistent with the data [5]. The theory 
predicts that the branching ratio of t~ — > a;7r"'"7r~7r~i/T- is about the same as that of t~ — > 
a;7r~7r°7r°i/T-. 
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As shown in Fig.l, there are many subprocesses in the decays. However, the calculation 
shows that the oi meson (Fig. 1(b)) dominates the two decay channels. If only the subprocess 
which is obtained from CP'^p^ is kept in the matrix elements (15, 17), we obtain 

B{t' ujTi-Ti^Ti^u^) = 1.86 X 10-^ (29) 
B(r- un-n-n+iyr) = 1-87 x 10"^ (30) 

86% of the decay rate comes from C°-^p'^ , It is necessary to point out that in Fig. 1(b) there 
are terms which violate CVC. However, these terms are cancelled by the corresponding terms 
of other diagrams. The results(29, 30) are obtained after this cancellation. It is interesting 
to notice that a\ meson is associated with the a\ dominance in the axial- vector current [3]. 

The distribution functions of the two decay modes, are calculated and shown in Fig.2 
and Fig. 3. There is a peak in each distribution, which originates in the combination of the 
a\ resonance and the kinematics of the decays. 

To conclude, two decay modes of r — > uj'K'K'kv have been studied by an effective large 
Nc QCD of mesons. CVC is satisfied in the chiral limit. Theoretical branching ratio of 
T~ — > a;7r~7r°7r°i/i- agrees with the data. The theory predicts that the branching ratio of 
T~ ujt:^t:~t:~Vt is about the same as that of t~ — >• 7r~7r°7r°i/^. In this study there is no 
adjustable parameter. 
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Appendix 



1. diagrams involving the vertices (11-13) 



x{A{p%kj) + h-p2B-klD} 
x{2Fi{-ki-p2)-klF2} 

a 



x{2F,{ki-pi)-klF2} 
1 , 2c 



{\--Y{2F^{k^-p^)-k{F2} 



x{2F,{-ki-p2)-klF2}, (31) 



where 



i^i(9i-92) = -{l + ^gi-g2[(l--)'-4vrV]}, 

^2 = 4[— -t^(1--)'-tV(1--)]- (32) 
ATT^g' g' An^g^ g" 



2. diagrams (Fig. 1(c)) 



h2{pp) = -^{-4Fi(A;i-pi)Fi(-A;i-p2) 

+2klF2F,{-ki ■ p2) + 2klF2F,{k, ■ pi) - A;tF|}. (33) 
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3. diagrams (Fig. 1(a)) 



fiPp) = 4{^-2pi-p2[-^ + 74^(1--)'] 
r(l-^)(P2-Pp-g-Pi) + 7^}, 



2 2c 
/ii(Pp) = ^-^(1 )' 

8r2c 3 , ^ 2c, 9 3 2c, ^ 

/.w ^ -^{-^+j^(i--y^+5^(i-y)}. 

/22(Pp) = /ll(Pp). (34) 

4. diagrams (Fig. 1(d)) 



1 



(pi +P2)^ - m2 + iy'(pi +P2yTp{{pi +^2)^) 
8 nTT._ .-Nr. , Pi-P2r/-, 2c 2 , 221 



r 7^ 9 

h2{p,) = pi?W^{l + ^[(l-yr-4.rV]}, 

/2l(Pp) = -/i2(Pp). (35) 
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Figure Captions 

FIG. 1. Feynman Diagrams of r — > a;7r7r7ri/. 

FIG. 2. Distribution function ^ for t" — > ujt^^t^^t^'v-,-- 

FIG. 3. Distribution function ^ for r~ — > a;7r~7r°7r°^'T-. 
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FIG. 1. 
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FIG. 1 cont'. 
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FIG. 2. 
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FIG. 3. 
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